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Abstract 

We study geodesies of Hofer's metric on the space of Lagrangian submanifolds 
in arbitrary symplectic manifolds from the variational point of view. We give a 
characterization of length-critical paths with respect to this metric. As a result, 
we prove that if two Lagrangian submanifolds are disjoint then we cannot join 
them by length-minimizing geodesies. 

1 Introduction 



The study of geodesies on Hamiltonian diffeomorphism groups with respect to 
; Hofer's metric was initiated by Bialy and Polterovich [2] in the case of the standard 

symplectic space M? n and many deep results are known today for general symplectic 
qq ■ manifolds (see, for example, [3 13 13 EH HI] ) ■ 

By contrast there are few results on Hofer's geodesies on the space of Lagrangian 
submanifolds which are Hamiltonian isotopic to one. Milinkovic [3 IE] studied the case 
of Hamiltonian isotopy class of the zero section of the cotangent bundle of a compact 
manifold. Akveld-Salamon [T| proved length minimizing properties of some Lagrangian 
loops of RP n in CP". 

As for a related topic, recently Ostrover jS] compared the two Hofer geometries 
above. By corresponding a Hamiltonian diffeomorphism of a closed symplectic manifold 
(M, uj) to its graph, one can embed the Hamiltonian diffeomorphism group Ham(M, uj) 
into the space C of all Lagrangian submanifolds of (M x M, — uj®uj) which are Hamilto- 
nian isotopic to the diagonal. He showed that the image of Ham(M, uj) in L is strongly 
distorted. 

In the present paper, we shall initiate the study of geodesies on the space of La- 
grangian submanifolds in arbitrary symplectic manifolds from the variational point of 
view. 

Let (M, uj) be a connected symplectic manifold without boundary. Let L C M 
be a closed Lagrangian submanifold. A smooth family {£-t}o<i<i of Lagrangian sub- 
manifolds of M, such that L t is diffeomorphic to L, is called an exact (Lagrangian) 
path connecting L and L\, if there exists a Hamiltonian isotopy ip t of M such that 
ip t (L ) = L t for every t G [0, 1]. The Hofer length of an exact path {L t } is given by 

Length({L t }) = / I max H(t,p) — mm H(t,p) ) dt, 
Jo \ peLi peLt / 
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where H G C^°([0, 1] x M) is the compactly supported Hamiltonian function which 
generates a Hamiltonian isotopy ip t '■ M — > M satisfying ipt(Lo) = L t (see Section 2 for 
the details). 

We denote by £ = £{M, u, L) the space of all Lagrangian submanifolds of M which 
are connected to L by an exact path. For any Lq,L\ G £(M,u, L), a bi-invariant 
pseudodistance d on £ is defined by 

d(L ,Li) = inf Length ({L t }), 

where the infimum is taken over all exact paths on £ connecting L and L\. 

Chekanov [HIE] proved that d is non-degenerate if (M, uj) is tame, i.e., it admits 
an almost complex structure J such that the bilinear form u(-,J-) defines a complete 
Riemannian metric on M with bounded curvature and with injectivity radius bounded 
away from zero. The distance d is called Hofer's distance on £. 

An exact path {L t } is said to be l-critical if it is a critical point of the Hofer length 
functional (see Section 3 for the precise definition). Our main result is the following. 

Theorem 1. Let (M, oS) be a symplectic manifold without boundary and L a closed 
Lagrangian submanifold of M. Let {i^}o<t<i C £(M,u, L) be the exact path defined by 
Lt = V'i(A)); where ipt is the Hamiltonian isotopy which is generated by a Hamiltonian 
function H e C£°([0, 1] x M). Then, {L t } is l-critical if and only if there exist two 
points p+,p- E f]te[o,i] Lt C M satisfying 

max(H\ Lt ) = H(t,p+), min (H\ Lt ) = H(t, P -) 

for all t e [0,1]. □ 

This result is a generalization of the result by Lalonde-McDuff in the case of paths 
in a Hamiltonian diffeomorphism groups Theorem 1.9]. 

Theorem 2 (Lalonde-McDuff ). Let (M,u>) be a symplectic manifold without bound- 
ary. Let {"0t}o<t<i be the Hamiltonian isotopy which is generated by a Hamiltonian 
function H e Cq°([0, 1] x M). Then, {ipt} is a critical point of the Hofer length func- 
tional if and only if there exist two points p+,p~ G M satisfying 

maxH(t,p) = H(t,p+), mm H(t,p) = H(t,p_) 

for all t G [0,1]. □ 

This paper is organized as follows. In Section 2 we review some facts about the 
Hofer geometry on the space of Lagrangian submanifolds. In Section 3 we introduce the 
notion of exact variations of an exact Lagrangian path and describe the length function 
for such a variation. The main theorem above is proved in Section 4. In the last section 
we give some applications of our main theorem. In particular, we prove that if two 
Lagrangian submanifolds are disjoint then we cannot join them by length-minimizing 
geodesies. 
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2 The Hofer length for exact Lagrangian paths 

In this section we give a precise description of the Hofer geometry on the space of 
Lagrangian submanifolds along Akveld-Salamon's treatment in jTJ Section 2]. 

Let (M, uj) be a connected symplectic manifold without boundary. Let L C M be 
a closed Lagrangian submanifold. We denote by 

Lag(L, M) = {i G Emb(L, M) \ l*uj = 0} 

the space of Lagrangian embeddings of L into M. The group of diffeomorphisms 
Diff(L) of L acts on Lag(L, M) by i \— > t o <fi for G Diff(L). Two Lagrangian 
embeddings i , i\ G Lag(L, M) belong to the same Diff (L)-orbit if and only if they have 
the same image. Therefore, the quotient space Lag(L, M) := Lag(L, M)/Diff (L) can 
be considered as the space of Lagrangian submanifolds of M which are diffeomorphic 
to L. A path {£t}o<t<i C Lag(L, M) is said to be smooth if there exists a smooth map 
[0, 1] x L — > M : (t,x) ^ L t (x) such that i t (L) = L t for all t G [0, 1]. This {i t }o£t£i is 
called a H/i of {Lt}. 

Next we explain that one can think of Lag(L, M) as an infinite dimensional man- 
ifold. Let [0,1] xI->M: (t,x) t— > be a smooth map such that i t G Lag(L, M) 
for all t G [0,1]. Let us introduce a 1-form on L defined by 

a t ■= u(^-L U di t ■ ) G fi^L). (1) 

Then we have 

d 

= -fot&u) = da t 
and hence the tangent space of Lag(L, M) at i is given by 

T t Lag(L,M) = {ve C°°(L } l*TM) | u(v,df) G ^(L) : closed}. 
The tangent space to the Diff (L)-orbit at i is described as 
T l (l ■ Diff (L)) = {v = di o i | f G 

where denotes the space of vector fields on L. The map v t— > u>(v,di-) induces 

the linear map 

T t Lag(L, M)/Z(l ■ Diff(L)) — > {/? G fi 1 ^) | d/3 = 0}, 

which is an isomorphism since i : L — > M is Lagrangian. 

Take L' G Lag(L, M) and two paths {^} and {4} in Lag(L, M) which satisfy 
4 = it ° 0t for some path C Diff(L) and [to] = [io] = i'- The derivative of this 
condition yields 

d , d , , 

TT^ = 17^ ° <Pt + dk °(f° <Pt, 
at at 
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where £ t G X{L) generates t G Diff(L) via 40* = £t ° Using the fact that 
: L — > M is Lagrangian, the 1-forms a t := u>(4:Lt, di t -) and a£ := ^40 satisfy 

Hence closed 1-forms a, a' G f2 1 (L) associated with Lagrangian embeddings i and 
i! = i o cj) represent the same tangent vector of Lag(L, M) at V if and only if a' = cffa 
(or, = i'^a'). 

Summarizing these arguments, we have 

Lemma 3. The tangent space of Lag(L, M) at V can be identified with the space of 
closed 1-forms on L, i.e., 

Tf/Lag(L, M) = {(3 G fi^L) | d(3 = 0}. 

Let [0, 1] — > Lag(L, M) : t i— > L t be a smooth path of Lagrangian submanifolds. We 
define the velocity vector of the path at time t by 

— L,t ■— k*o>t, 
at 

where {it} is a lift of {L t } and a* is the 1-form defined by equation (1). The above 
argument proves that (3 t : = Lu&t G ^(Lt) is closed and independent of the choice of 
the lift {i t }. 

Our main target of this research is Hamiltonian isotopies of Lagrangian subman- 
ifolds. As we shall see below, a smooth path {£t}o<t<i in Lag(L, M) whose velocity 
vectors /3 t G Q l (L t ) are exact for all t G [0, 1] is nothing but an exact path. Remember 
that C = £(M,u, L) consists of all Lagrangian submanifolds of M connected to L by 
an exact path, hence £ is a subset of Lag(L, M). Let {ipt}o<t<i De the Hamiltonian 
isotopy which is generated by a Hamiltonian function H G C£°([0, 1] x M), i.e., 

^-tpt = X t o ip t , w(X u ■) = dH t , = id. 
dt 

Lemma 4 ([lj). Let {£t}o<t<i C Lag(L, M) be a smooth path of Lagrangian subman- 
ifolds and {ipt} be the Hamiltonian isotopy of M generated by a Hamiltonian function 
H. Then L t = ipt{Lo) for every t G [0, 1] if and only if 

j t L t = d{H t \ Lt ) 

for every t G [0, 1] . □ 
Moreover, we have 

Lemma 5 ([lj). Let {L t } < t <i C Lag(L, M) be a smooth path of Lagrangian subman- 
ifolds. Then 4rL t G D}(L t ) is exact for every t G [0, 1] if and only if {L t } is an exact 
path, that is, there exists a Hamiltonian isotopy {ip t } such that ipt(Lo) = L t for every 
tG [0,1]. □ 
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We refer the reader to [TJ Lemmas 2.2 and 2.3] for proofs of Lemmas 4 and 5. 
Lemma 5 reads that a smooth path {L t } < t <i C Lag(L, M) is an exact path if and 
only if there exists a lift {it}o<t<i of {L t } which satisfies 



d 



:= u}(^—t t ,dtf^= dh t (2) 

for a smooth function h G C°°([0, 1] xL). We call this smooth function /i an associated 
function of {i t }. 

Any {i/it} satisfying the condition in Lemma 5 is generated by a Hamiltonian func- 
tion H G C7q°([0, 1] x M) such that H t oi t = ht for each t G [0, 1] and vice versa. 

For any Lagrangian submanifold L, we can define the length of smooth paths on 
the Hamiltonian isotopy class C = C(M,u, L). The Hofer length of an exact path 
{Lt}o<t<i C C is defined by 

Length({L t }) := / T^t dt = [ ( max/i(f, x) — min h(t, x) J dt. 

Jo dt J \ x&L x£L J 

This quantity is independent of the choice of the lift {i t } of {L t } and its associated 
function h. In particular, Akveld-Salamon pP constructed a Hamiltonian function H 
which satisfies 

maxifj = max /it, min H* = min h t (3) 

M L M L 

for each t. Later, we must use more refined construction of Hamiltonian functions for 
a proof of our main theorem (see Section 4). By the above arguments and equation 
(3), we have 

Length({Lt}) = inf /({^}), 

Pt(Lo)=Lt 

where the infimum is taken over all Hamiltonian isotopies {ipt} which satisfy ipt{Lo) = 
L t for all t G [0, 1] and l{{ipt}) denotes the Hofer length of the Hamiltonian path {ipt} 

(cf. mum). 



3 Length-critical paths 

In this section we introduce the notion of exact variations of an exact path and 
describe the length function for such a variation. 

Let {L t } < t <i C C be a smooth regular (i.e., 4rL t ^ for all t G [0, 1]) exact path 
connecting Lq and L\ and I be an open interval in ffi. containing 0. 

Definition. A smooth map $ : I x [0, 1] — > Lag(L, M) is called an exact (Lagrangian) 
variation of {L t } if there exists a lift {h}o<t<i °f {^t} which has the following proper- 
ties: 

(i) $(o,t) = k for all t G [0,1]; 

(ii) $(s, 0) = t 0) 1) = ti for all s G /; 
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(iii) $(s, t) =: L S) t is a lift of an exact path for each s G I. 
For every s G / we denote by l(s) the length of the exact path {t s ,t{L)}o<t<i C £: 

i(s) = Length({t s>t (L)} ^^ 1 ). 

We call a function arising in this way a length function. Since the length function 
Z(s) is not necessarily differentiate, we must modify the notion of critical points of 
l(s). Our treatment here is motivated by Polterovich's book p.1, Chapter 12]. 

Proposition 6. For any length function l(s), there exists a convex function u(s) and 
positive numbers 5, C such that 

\l(s)-u(s)\^Cs 2 (4) 
for all s G (-6,5). □ 

We shall give its proof later. From this fact, we arrive at the following definition. 

Definition. We say that the length function l(s) has a critical point at s = if it is a 
minimal point for a convex function u(s) which satisfies (4). 

Remark. This definition does not depend on the particular choice of the convex func- 
tion u satisfying (4). 

Using this modified notion of critical points, we can define the notion of /-critical 
paths. 

Definition. A regular exact path {L t } < t <x C L(M,uj,L) is said to be I- critical if for 
every exact variation of {L t } the length function l(s) has a critical point at s — 0. 

Here we review some facts about Hamiltonian loops. Consider the space 7io of ah 
normalized Hamiltonians F : [0, 1] x M — > R endowed with the Hofer norm 



l-Fll = / I maxFft, x) — min Fit, x) ) dt. 

J \xEM x&M J 



Denote by {ipf }o<t<i the Hamiltonian flow generated by F with cpfi = id. The Hamil- 
tonian diffeomorphism group Ham c (M, u) of M is defined by 

Ham c (M,w) := {(p(\ F G H }. 

Next we describe exact variations of an exact path {Xt}o<t<i- Take a lift {k}o<t<i °f 
{L t } and its associated function {h t }. Let {i Stt } S £i be an exact variation of {L t } with 
their associated functions {h Sit } se i. We denote by {L s t } the exact paths {i s>t (L)}. 
Since Ham c (M, u) acts transitively on C(M,u, L), we can take Hamiltonian paths 
{ip s ,t} and [ipt] C Ham c (M, u) generated by Hamiltonian functions {H s t } and {Ht}, 
respectively, satisfying 

L t = i>t(Lo), L S)t = il> s ,t{Lo) (5) 
and ip S fi = id, ip Q = id, ipo ;t — i>t- Define {f S) t} C Ham c (M, u) by the equation 

ip s ,t = f7,l ° A- (6) 
The following is the key lemma of a proof of our main theorem. 
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Lemma 7. We can assume that the Hamiltonian path {f s ,t}o<t<i ^ s a l°°P f or ea °h 
parameter s <E I. 

Proof. The Hamiltonian path {f s ,t}o<t<i starts from id and satisfies / s ,i(Xi) = L\ 
for each s £ I. Let us introduce a new Hamiltonian path {ip' st } defined by 



€,t = {(^s,i o i> s }) 1 ° fts,i ° {i>s,i o tpj)) o rj) Sjt . 



Then we have 



tp' sA = (id 1 o f s l o id) o ip sA = 
^'s,0 = (*I>7a ° /o,i ° ° ^s,0 = ^s,0 = id- 
Here we define {f' st } C Ham c (M, a;) by the equation ^ t = (/^J -1 o Then 

/ii = V>i°«i) _1 = ^ 

Hence {f' st } is a Hamiltonian loop for every s6 J. 

It suffices to show that ip' s t (L ) = L S)t . Indeed, we have 

= i$s,\ ° v^ 1 ) -1 ° fts,i ° ^s,i(l ) 

= ^ >t (^(Li)) = L., t . 

□ 

From now on, by virtue of Lemma 7, we assume that Hamiltonian paths {f s ,t}o<t<i 
defined by equation (6) are loops. Denote by Hi the subset of Ho which consists of 
all Hamiltonians generating loops in Ham c (M, a;). Denote by V the set of all smooth 
I-parameter families F(s,t,x) of functions from Hi with F(0,t,x) = 0. 

Lemma 8. For an exact path {L t }, the set of length functions l(s) associated with the 
exact variations of {L t } consists of all functions of the form 

\\h - F(s) o L t \\, 

where F e V and {t t } is any fixed lift of {L t } with its associated function h. Here, 
denotes the norm of the associated function h G C°°([0, 1] x L) defined by 



a 



m&xh(t,x) — rainh(t,x) dt. 

x£L x£L J 

Proof. For any exact variation {i s ,t}sei °f {Lt} with their associated functions 
{h S;t } se i, by equation (5), there exist paths {ip s ,t}sei c Ham c (M, uj) and {<fi St t}sei C 
Diff(L) such that 

1ps,t °l0 = is,t O 4> s ,t (7) 
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and 

ip t o L Q = c t o (p t (when s = 0). (8) 

By equation (6), we have 

Hjy) = -F(s, t, f s M) + H(t, f s M) (9) 

for all y E M, where {F Sjt } are the family of Hamiltonian functions generating the 
Hamiltonian isotopies {f s ,t} with isotopy parameter t G [0, 1]. 

Substituting L s> t(x), x G L, for y in (9), we see by equations (6), (7) and (8) that 
the associated functions {h s j} of {t s ,t} are represented as 

h s>t (x) = H Sit oL Stt (x) 

= H{t, f s , t o L s , t (x)) - F(s, t, f s ,t o h,t( x )) 

= Hit, i t o4> t o <f>-l(x)) - F(s, t, i t o4> t o 4,-^x)) 

= htifa o <f>-l(x)) - F(s) o L t (<p t o 0-1^)). 

Since <f> t o g Diff(L), we have 

l(s) = Length({L a>t } gtgi) = 1 1^1 1 = 11^ - F(s) o t t \\. 

Conversely, if G V is given, then we can define Hamiltonian functions 

{H s ,t}s by equation (9). By integrating, we obtain Hamiltonian paths {ip s ,t}s C 
Ham c (M, a;) satisfying equation (6). Consequently, the paths {if) s ,t ° L o}s i n Lag(L, M) 
define an exact variation whose length function is given by \\h — F(s) o t t \\. □ 

Proof of Proposition 6. By Lemma 8, any length function l(s) associated with an 
exact variation of the exact path {L t } is of the form 

l{s) = ||/i-F(s)ot t ||, 

where F G V and {i t } is a lift of {L t } with its associated function h. 
Let us define a convex function u(s) by 

u(s) = \\h- sF'(O) o 

By the triangle inequality, we have 

l(s) ^ ||/i-sF , (0)ofc t || + ||sF , (0)ofc t -F(s)ot t || 

= u(s) + \\sF' '(0)o L t - F(s)ot t \\. (10) 

Using Taylor's formula the inside of the second term of (10) satisfies 
sF'(O) o it - F(s) o i t = -j/F"{c, t, if) 

for all s G {—5, 5), where c is a real constant between and s. Hence we have 

\\sF'(0)oi t -F(s)oL t \\^s 2 max \F"(s', t, i t (x))\ 

xeL,0f£tf£i,|s'|^<5 

Setting C = max |F"| we get 

l(s)-u(s) S Cs 2 . 

Similarly, we have u(s) — l(s) ^ Cs 2 with the same constant C. □ 
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4 A Variational definition of geodesies 



In this section we prove the main theorem stated in Section 1. Let {L t }o< t <i C £ 
be a regular exact path connecting Lq and L\. The following notion is motivated by 
the case of Hamiltonian paths (cf. [21 E]) 

Definition. {L t } is said to be quasi- autonomous if there exist a lift {it} of {L t } with 
its associated function h and the points G L such that 

ma,xh(t,x) = h(t,x + ), minh(t,x) = h(t,X-) 



and Lt(x+) = Lq(x+), it{xJ) = Lq{xJ) for all i G [0, 1]. And we call the lift {t t } satisfying 
this property a quasi- autonomous lift. 

Remark. In [3 |Hj Milinkovic studied geodesies in the space £(T*X, u>, Ox) of La- 
grangian submanifolds which are Hamiltonian isotopic to the zero section Ox of the 
cotangent bundle T*X of a smooth closed manifold X. In his terminology, the above 
condition is said to be strongly quasi-autonomous (see jSJ Definition 10]). 

The main theorem of this paper is the following. 

Theorem 9. Let (M,u) be a symplectic manifold without boundary and L a closed 
Lagrangian submanifold of M. Then, a regular exact path {L t } < t <i C C(M,u, L) is 
l-critical if and only if it is quasi- autonomous. 

Remark. Take a lift Lq of L . If we choose a Hamiltonian path {ipt}o<t<i such that 
Lt = 4>t(L ), then we have a lift {t t } of the exact path {L t } such that i t — if) t o l . Its 
associated function is given by h t = H t o i t . By definition, Theorem 9 is equivalent to 
Theorem 1 in Section 1. 

Let Vi be the tangent space at of the space H\ of all Hamiltonians generating 
loops in Ham c (M, u), i.e., 

V 1 :=T (^ 1 ) = { — (0) F G Vj. 
We quote a useful proposition (jTTJ Proposition 12. 2. B.]). 

Proposition 10 (Polterovich). The space Vi consists of all functions G G 7io which 
satisfy 

l 

G(t,x)dt = 

for all x G M. □ 

Proof of Theorem 9. Fix a lift {i t } of with its associated function h. We know 
from Lemma 8 that for any exact variation of {L t } there exists F G V such that the 
length function l(s) has the form 

||/i-F(s)o^|| (11) 
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and vice versa. Moreover we know from the proof of Proposition 6 that l(s) is ap- 
proximated up to the first order at s — by \ \h — sF'(0) o t t \\, which is convex in s. 
Thus with the Definitions after Proposition 6 it suffices to show the equivalence of the 
following two conditions: 

(a) {L t } is quasi-autonomous; 

(b) For any fixed lift {i t } of {L t } and its associated function h, the inequality 
| \h — sG o i t \ | ^ \ \h\ \ holds for any G G V\ and s£i 

(a) (b) : Since condition (b) is invariant under the action of Diff(L), it suffices to 
show it for a specific lift. Let {t t } be a quasi-autonomous lift of {L t } with its associated 
function h. For any G G Vi, we set u :— h — sG o i t . Then 

maxw(t, x) — mmu(t,x) ) dt 

^ / (u(t, x + ) — u(t, X-))dt 
Jo 

= (h(t,x+) - h(t,x-))dt - s^J^ G(t,Lt(x+))dt- J G(t,tt(a;_))d*}. 
Since {L t } is quasi-autonomous, by Proposition 10, we have 

/ G(t,i t (x±))dt= I G(t,i o (x±))dt = 0. 
Jo Jo 

Hence, we obtain ||w|| ^ \ \h\\, i.e., the condition (b). 

To prove the converse, we must use a modified version of Akveld-Salamon's exten- 
sion of Hamiltonians. 

Let {£t}o<t<i be an exact path of closed Lagrangian submanifolds in a connected 
symplectic manifold (M,u) without boundary. Fix a lift {i t } of {L t } and denote its 
associated function by h t and its push-forward via i t by h t , i.e., i u h t = h t . Note that 
{h t } depends only on {L t }, not on the choice of the lift {t t }. 

Lemma 11. There exists a smooth extension {H t }Q<t<\ C C°°(M) of {h t }o< t <i such 
that 

maxset H t = maxset h t , minset H t = minset h t , 

M L t M Lt 

for each t G [0, 1]. Here, maxset and minset are defined as 

maxset H t := {x G M \ HAx) = maxH t }, 

M 

minset H t := {x G M \ H t (x) = minH t }, 

M 

maxset h t :— {x G L t \ h t (x) = max/ij}, 

Lt 



minset h t := {x G L t \ h t (x) = mmh t } 



l 



for each t G [0, 1] . 
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Proof. We may assume that ht has positive maximum and negative minimum if it 
is not constant, and that it is identically zero if it is constant. 

Since all L t are closed, we can choose a positive constant e such that exp x (v) 
gives a diffeomorphism between the ^-neighbourhood of the zero section in the normal 
bundle N(L t ) and the ^-neighbourhood C/ t of L t in M. Take a nonnegative function 
a(t) (t ^ 0) which is supported on t ^ e and equals to 1 on t ^ e/2. 

Define {H t } by 

H t (exp x (v)) = a(\\v\\ 2 )h t (x)(l - \\v\\ 2 ), x G L t , v G N x (L t ) 

on U tt e and by if t = outside U t>e . This satisfies the required properties. □ 

Now we go back to the proof of Theorem 9. 
(b) =>- (a) : Assume that (b) holds. Setting h t := t t *h G C°°(L t ), this condition implies 
that 

J |max(/i t — G\L t ) — min(/i t — G|i t )| dt ^ ^ ^max h t — min fo t ^ rft (12) 

for any G G V\. By Lemma 11, we can take a smooth extension of {H t } <t<i C C°°(M) 
of such that H t o i t — h t and 

maxset if* = maxset minset = minset h t . (13) 

We may assume that H E Ho. Let us introduce a time-dependent smooth function G 
on M defined by 

G(t,y) = H(t,y)- f H(t,y)dt. (14) 
Jo 



Then we have G G H and 



I 



i 

G(t,y)dt = 



for any y G M. Hence, Proposition 10 implies that G G V\. 

For this function G, by equations (12), (13) and (14), we have 



\H\\ = / I max h t — mmh t I dt 

Jo \ L t L t J 

^ J |max(/i t - G\ Lt ) - min(/i t - G| it ) j 

max(if (t, y) - G(t, y)) - mm(H(t, y) - G(t, y)) \ dt 

y&L t y&L t 



i < max / H(t,y)dt — min / H(t,y)dt>dt 

Jo { y^ L t Jo y eLt Jo J 

/ H(t,y)dt-mm [ H(t,y)dt. 
Jo v^ M Jo 



< max 

y€M 
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Hence we get 



|if||=max / Hit, y)dt — min / H(t,y)dt. 



This equation yields that 

|^| maxset H t ^ 0, j^j minset H t ^ <f>. 
te[o,i] te[o,i] 

(see e.g. Proposition I.3.B.]) 

Since we took the extension as in Lemma 11, the above condition is equivalent to 

O maxset h t ^ (f), O minset h t ^ (f). 
*e[o,i] ' *e[o,i] 

Conversely, suppose that fit maxset /it and minset /it are non-empty. Take points 

it it 

p + G M in the former and p_ G M in the latter. Since two curves (it)~ 1 (p+) and 
(it) _1 (p_) in L are disjoint, we can find a smooth family of diffeomorphisms {4>t}o<t<i 
of L such that (t t ° (j)t)~ 1 (p+) and (if o 0t) _1 (p-) are both fixed points in L, which we 
set x + and x_, respectively. We see that {i t o <p t } is a lift of {L t } with the associated 
function h t o 0t, which takes maximum at x + and minimum at x_ in L. Therefore, 
{L t } is quasi-autonomous. □ 



5 Applications and Examples 

In this section we give some applications of our main theorem. 
Theorem 1 says that all Lagrangian submanifolds L t in M making a /-critical exact 
path {£f}o<f<i C C(M,u,L) intersect each other. Therefore we have 

Corollary 12. Let Lq and L\ be closed Lagrangian submanifolds in a symplectic man- 
ifold (M,u). If Lq n L\ = 4>, then there exist no l-critical exact paths connecting L 
and L\. Hence there exist no length-minimizing geodesies between Lq and L\. 

We give an example of /-critical paths and pose a problem related to it. Let L Q be 
the real projective space M.P n defined by 

L :=RP n = {[z :---:z n ) | z , . . . , z n G K}. 

in the complex projective space CP n endowed with the standard Fubini-Study sym- 
plectic form ups- 

Consider the Hamiltonian isotopy 

<p?([zo z n \) = [zq : e*** Zl : • ■ ■ : e mst z k : • ■ ■ : z n ], 

where H t = H: CP n — > R is the autonomous Hamiltonian given by 





2 + --- + 


Zk\ 


2 ) 


2(ko| 


2 + --- + 




I 2 ) 



H([Z Q : • ■ ■ : Zn]) = -— r=- — : nrr + COUSt 
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for s G [0, 1] and k £ {1,2, ... , n}. 

Put L t := ip^(L ). Then {£-i}o<t<i is an exact path in C = C(CP n , ujfs, L ). 
A simple calculation yields 



maxset H t 

M 

minset H t 

M 



{[*>■■ 



Hence we have 



maxset H t 

M 



for all t G [0,1]. Therefore, 

n maxset H t 
M 



Zk 



0} = CP 



n—k 



yn—k 



0, Zk+1 



minset H t 

M 



0} = CP 



lfc-1 



yn—k 



Pi minset H t = MP^ 1 

I I M 



By theorem 1, we conclude that {L t } is /-critical. 

In the case where s = 1, {£t}o<t<i is a loop in C. Akveld-Salamon P proved that 
this loop is minimizing the Hofer length over all periodic exact Lagrangian loops which 
are Hamiltonian isotopic to {L t } C C 

This result gives rise to the following natural question. 

Problem. In the case where s G (0, 1), is the above exact path {L t } a local minimizer 
of the Hofer 's length function?, or more strongly, is length-minimizing amongst all 
homotopic paths in £ with the same endpoints? 
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